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[n some recent work [3], [L], the author has used the convolution

s-ure for Jacobi series, introduced by Askey and Wainger [2], in order
1dy the summation of Jacobi series by classical summability methods.
>f these summability methods, in fact, can be interpreted as convolu-
>perators and it is possible to investigate the order of approximation
sse operators by the same techniques as are used for trigonometric
lution operators. In this paper some new summability kernels are
juced, which can be written in a simple closed form by means of Jacobi
smials. Even in the case of Fourier series (a = B = -1) these kernels
> new approximation processes. The saturation order and the saturation

of these processes are obtained.

By X we denote one of the following function spaces on [-1,1]: the

C of continuous functions with the norm (x = cos 8)
||f||C = sup |f(cos 8)]
0<f<m
s P spaces (1 < p <= ) with respect to the weight function

D(G,B)(e) - (51n

+
_6_)20. 1 (COS 2)28‘*‘1

2d with the norm

m
11, = [J |£(cos )P o{*8)(6) as1'/P.
0

ions belonging to X can be expanded in terms of Jacobi polynomials

)(cos'e), the polynomials which are orthogonal with respect to (1.1).
take




cos 6) =

(a5B)
Rn“ (

ith £ € X we associate

f(cos 8) ~ ) f

- (2n+a+8
T'(n+pt+

and Wainger [2] have int
on structure for Jacobi

with the expansion (1.2)

oo

T, f(cos 8) ~ ¥ £"(n
n=0

* [7] has shown that T¢ i
or norm 1, For f1,f2 e L

T

)(cos 68) = s

(£y*f,

O Y———-3

.5 the following properti
heorem. For f1, f2, f3 €

~

Ria’s)(cos 8),

(Q’B)(e) ae, (

ol%:8) (5) ag7™"

)T (n+a+1)
)T (a+1) °

neralized translat

translation T, f m

¢

(asB)

’B)(cos 6).Rn

operator and cons

ution f1 * f2 is d

(a,B)(

(cos ¢) p )

on




ii) £, x (f *f ) = (f1*f ) * f

1 23 2

3’
1.7) 4
iii) |lexelly < el Hellys
*

)

iv) (f1*f n) = f?(n) fg(n).

2

L

[n [3] we have defined a summability kernel.

. e, 1 . . .-
|.4. Definition. Let K, ¢ L , A > 0, satisfying the conditions

A

™
| Kleos ) o {0 a0 = 1,

0
'b) Kk(cos 8) > 0, A>0,0<6<m,
' . A
(c) lim Kx(n) =1, n=0,1,... .

A>o

Then we call K, a positive summability kernel. If instead of b we merely

A
nave

m
(b') J |KA(cos 8)| o(“’B)(e) d6 < N, uniformly in A,
0

with N > 1, we call K, a quasi-positive kernel.

A
Condition ¢ is often replaced by

m
(c') lim J lKk(cos 8)| o(“’s)(e) d6 = 0,. for each h, 0 <h < m,

Ao

We have ([3], theorems 3.3 and 3.k4)

1 . o e
1.5. Theorem. If f ¢ X and KA e L , A >0, satisfies the conditions a, b

(or b') and ¢ (or c') of definition 1.4, then




nvolut

tive n

. only

i) the

nction
consis

tion ¢

pschit
d by

Lip(y,

f e X

Af ~

re say
‘> Af.

or

£y < N[|£

HK)\*f"fl IX

erators {KA’

reasing func

*f-f| lx = of

elongs to so

sts a 'non-t

*fo'fol |x =

is then call
all the elem

r Farvard cl

ses with res

feX: dec >

the expansio

(n+a+p+1) fA

‘'€ D(A) and

perator A is

niformly in A,

d to be saturated if there exists

0 < A < » with 1im ¢(A) = 0 such
Ao

A>)

subspace of X;

ent fO € X satisfying

Aro)

ation order and the set F(X,KA),
ich satisfy ii, is called the

generalized translation are

7,21 |y <co'}, (0<y<2).

e exists an element Af € X such

(a,B)(

0 cos 0),

e operator which maps D(A) into

tion in A of the differential




oundary conditions a4 . Oat 6 =0 and 6 = 7 in view of the differ

dae
quation for Jacobi polynomials

,(&jéjz;; %3 (o(®:8) (g) %g Ria,ﬁ)(cos 8)} = n(n+a+p+1) Ria,s)(cos .

is a close connection between the generalized translation operator
e operator A, as LOfstrém and Peetre showed in [8]. For f € D(A),

t, we have

. £ - T,f
iig+ I‘—E:T$7— - Af||x =0,
b )
L () = J W;—)— (J p(a’B)(r) dt) a6 = O(¢2), o> o0
0° (6)

er, if the K function norm, introduced by Peetre [9] is given by

K(¢,£3X,D(A)) = inf  (||£ || +e]|f, ] ),
f=f0+f1 o''x 111p(a)
fOeX
f1eD(A)

1l = Helly + Tlaelly
t can be shown (L3fstrdm-Peetre [8], Bavinck [3]) that the spaces

= {feX: sup ¢ 0 K(¢,£3X,D(A)) < @},  0<8<T,

D(A)) <
$>0

8,%3K

de with the spaces Lip(26,x), defined by (1.8).

.on: We shall use the notation a, = bn (n>~) if there are positive

's ¢, and <, such that c,a i-bn 2 ey




2. An oscillating kernel
The following formula is due to Szegd ([11], section 9.L)

(a+k+1,B)(
n

(2.1) R cos 0) =

R(a’s)(

_ I'(n+B+1)T(n+1)T(a+k+2)T(o+1) § I'(n+v+a+B8+k+2)I'(n-v+k+1) (a,B) .
Z T (n+v+o+B+2)T(n-v+1) “y v cos U,

" T'(n+o+B+k+2 )T (n+a+k+2 )T (k+1)
(x > 0).

(a+k+1,B)

01 (cos 8), n > 0, defined
b

We shall study here the polynomial kernel J
by

(a+k+1,B)
n,1

I'(n+a+B+2)T (n+a+k+2)F(k+1) R(a+k+1’8)(cos o)

(2.2) g T'(n+B+1)I(n+k+1)T(a+k+2)T'(a+1) "n

(cos 8) =

n2a+2 (a+k+1,8)(c

= 0f ) R os 0).

(a+k+1,8)(
n,l
in definition 1.L4. Taking the term v = 0 in (2.1) we see that condition a

We first show that J cos B) satisfies the conditions a, b' and c'

is satisfied. For the proof of condition b' we use the well-known estimates

(szegd [11]1 (T7.32.5))

Ga—% O(n-%_a) if en”| <6 f_g-,
(2.3) Réa’s)(cos o) =
o(1) if0_<_6_<_cn-1.
Then
T 1/n /2 T
J |R{HET8) (og 6) | o(%:B) gy = J P [ =1, 4T, 4L
0 0 1/n /2
1/n
1, =0(1) J 6°%*1 48 = 0(n72%?),
0
/2
I, = 0(n~2-%-k-1) J @ K-2 4g = o(n720"2) if k > o + 3,

1/n




/2
[y = o(nfa-k-T) J |Ri8’a+k+])(cos 8)] p(“’B)(e) ae = o(n'“'k‘%).
0
m
J IJi?:k+1’B)(cos 0)| ol@:8) gy 40 <M, ifk>a+ b
0
1e proof of c¢' we take n1/2 >'% . Then for k > o + 3
m™
0(n2%+2) j IRr(la+k+1,6)(cos o) o(@58) (6} ag <
h
/2
10(n2°‘+2><J s )=
n‘% m/2
= o(n2(@*3=k)y o opleri-k)y o ooqy,
ve use the notation A, = n(n+a+B+1), the kernel Jif?k+1’8)(cos 8) t

>llowing representation in the case k is an integer

k-1 A
n (1 - K——ﬁ——o wia,s) Ria’e)(cos 6).
0 j=0 n+j+1

(a+k+1,8)

Jn,1

(cos 8) =
v

e~

representation shows that this kernel is essenfially a generalizati
s typical means (see Butzer-Nessel [6], p.262). Also, as is shown t
[11], section 9.41, this kernel is closely related to the Cesdro

. In the case of Fourier series (o = B = -3) we can choose k = 1 a1

3 1)

: n
2 _ 1 v 2
Jn (cos 8) = - {1 +2 v£1 (1 - E:T) ) cos vol,

are typical means. From the relation

(aaB)

n+1

Rﬁa’s)(cos ) - R (cos 6)

sin2‘g
2

(a+1,8)

n (cos 8) = (o+1)

T 2On+o+B+2

R




re derive
(%s l) 1 (2n+3)sin(2n+1) g-- (2n+1)sin(2n+3) -
Jn i (cos 8) = 5 53
i br(n+1) (sin E)
(3+k,-3)
‘or the other values of k > 0, the kernel Jn 1 “2/(cos 0) differs
b

‘rom the Riesz means.
'or the convolution of a function f € X with the kernel (2.2) the f

elations are valid.

(o+k+2,8), . _ ;(a+k+2,8)

* =
n,1 n-1,1 £

2.6) J

(a+k+1,8)
(k+1) (2n+k+o+B+2) J *Af,

n(n+o+p+1) (n+k+1) (n+ta+B+k+2) “n,1

here A is the operator defined by (1.9). In the case k = integer,
2.6) is easy to check by using the representation (2.4). Furthermo

ave

(a+k+2’8)*f _ J(a+k+1 B) of = 1 (a+k+1,B)

n,1 n,1 7 T (n+k+1) (n+a+B+k+2)

2.7) J

¥y theorem 1.5 and by repeated application of (2.6) we obtain

. J(a+k+2,3)*f -
n,l

_ = (21+k+a+B+2) (otk+1,8)

= (k+1) 1=§+1 T(T+o+p+1) (1+k+1) (1rarBrk+2) 1,1 AT
men, by (2.7)

(are,8), ! (atr1,8)
f-Jdon *= - (n+k+1) (n+a+B+k+2) Tn,1 AL

+ (k+1) E (21+k+a+B8+2) (atk+

1epsq L(To#B+1) (1+k+1) (Trorpek+2) 1,1

ly

ng




put
- y (21+k+a+p+2) -
p T K 1=§+1 1(1+a+8+1) (1+k+1) (1+a+B+k+2) 0ln ™), (=),
-1 (a+k+1,8)
e, (f-Jn,1 *f) - Af| [y
<) gy (B ag] |
12n+1 ?

-1

+ . |15+ .B) e _ oag] ] +
(n+k+1) (n+o+B+k+2) n,1 - X
-1
1 cn
+ |lAf‘Ix IE - (n+k+1)(n+a+8+k+2)| B
=o(1), (n>e).
vim re! te—g{@ERB) ey ] = 0 in X.
n n,l
n->-o

for the operator A an inequality of the Bernstein type is valid

stein [10]), there is a constant M such that

(a+k+1,8)

2
e TIREES T

|la(g
(o+k+1,B)

n,l
> general theorems on approximation processes in Banach spaces treated

rens [5] (see also Butzer-Nessel [6], 13.%.1). It follows that the
58 J(a+k+1’8)
n,1
,X) = (X,D(A))1 . The spaces of non-optimal approximation can also
9 9

fore,the approximation process J *f satisfies all the conditions

*f is saturated with order n and the saturation class is

aracterized in terms of the intermediate spaces (X,D(A))e 4K’
H) 9
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3. A positive kernel

(a+k+1,8)

Ne now consider the positive polynomial kernel Jn 5 (cos
9
ziven by
'3.1) J(a+k+1’8)(cos 8) = ¢ [R(a+k+1’8)(cos 9)]2
e n,2 n'n ’
there
™
, - +k+ 2
3.2) cn1 = J [Rﬁ“ K41:8) (005 6)3 p(“’s)(e) de.
0

'he following useful estimate can be derived by means of (2.3
isymptotic formulas for Jacobi polynomials (see Szegd [11], (
similar estimates). For a+k+1, a+l, B each greater than -3, w

1 > @

~
-20-21-2
n

m
3.3) J [Ria+k+1’8)(cos 6)]Ep(a+l’6)(6)d6 R4 n-ea-gk_3log n,
0

n-2a—2k-3

-

2a+2 1
n 1

‘rom (3.3) it follows that c ® , if k > -3.
'or the kernel (3.1) the conditions a and b of definition 1.k

iatisfied. We verify condition c', choosing n > h-2. By (2.3)

m
O(n2a+2) J [Ria+k+1’8)(cos e)]z p(a,B)(e) a0 =
) .
m/2 T
= 0(n®%*2) [J * J ] =
n-2 /2
/2 /2
= o(n”2k Ty [J 672K2 g9 + J 61 = o(1) (n
n'% 0

ly
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(a+k+1,8)
n,2
(k > -3) approximates the function f in the X norm as n - «. The trigono-

Hence for k > -3 the convolution of a function f € X with J

metric moments of order ¢ for a kernel KA (cos 6) are defined by

m
T(Kx;o) = { (sin g)o KA(COS 6) D(G’B)(e) ae =
0
n (C!""é' 98)
= J K,(cos 0) o (6) as
0

Thus, formula (3.3) enables us to survey the asymptotic behavior of the

+k+ .
trigonometric moments of the kernel Jéazk 1’8). If k > 3, then it follows
9
that
n,2 ? n,2 ? ‘

We may conclude by Bavinck [4], theorems 1.5 and 2.3, that the process
Jn(g+k+1’8), k > 3, is saturated with order n—2 and that the saturation
< +k+
class is Lip(2,X). The kernel Jiagk 1,8)

b

the same behavior as the higher order Jackson kernel. We have, in fact,

1

, with k sufficiently large, shows

(a+k+1,8);o.) ~n

T(Jn,2

(0 < 0 < 2k+1).

For the Jackson kernel of order r

. _ .-1 /sin n 6/2.2r
Ln,r(e) - An,r sin 6/2 )

the same relation is valid (see Bavinck [3], (4.19))
(L _30) ®n : (2r > 2a+0+2),

but for larger values of a a high order of the Jackson kernel is necessary to

. +k+
compete with the kernel Jéazk 1’8).
s 11
In the case of Fourier series (o = B = -3) the kernel J(z’ 2) (the case k = 0)
b

n,2
coincides with the Fejér kernel, but the relatively simple kernel
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('1 t )

, which has the same optimal properties as the Jackson kernel

NS B

n,2
as never been considered, as far as the author knows.

he case k = 1 will be studied in some more detail. In this case the constant
0 (see (3.2)) and the trigonometric moments can be computed explicitly by

eans of Parseval's formula. Substituting k = 1 in formula (2.4), we have

" n A

[ [J(a+2’8)(COS 9)]2 p(a’s)(e)de = z (1 __2__)2 w(u’B).
n,l A \Y

0 v=0 n+1

he sum at the right-hand side can be evaluated, if one uses (2.4) for

ifferent values of k at the point 6 = 0. After some calculation one obtains

-1 _ I'(n+B+1)I'(n+1)I'(a+3)T(a+1) 2

n  (o+3)T(n+a+B+3)T(n+a+3) (2n

+ 2n(a+p+3) + (a+3)(a+p+2)).

c

he second and the fourth trigonometric moments are easily computed.

(a+2,8) (2n+a+B+3) (a+3) (a+1)
(3,20 752) = =
n’2 n ((X.+2) wiu’-"gss) P2n
nd
(a+2,8B) _ 1 _ (a+3)(a+2) (a+1)
T(Jn,e sh) = cp (at+2,8) = (2n+a+B+3) P ’
W, 2n
here

Py, = 2n2 + 2n(a+B+3) + (a+3)(o+B+2).

he author has not succeeded in calculating the Fourier-Jacobi coefficients

f the kernel Jia;2’8), except the first few, which follow from the tri-
9
onometric moments. In the case o = B = -3, k = 1, we have
é,— l) (2n+3)sin(2n+1)g-- (2n+1)éin(2n+3)§-2
B 2> 27 _ 15 2 2
n,2 2 . 6,3 J
T(n+1)(2n+1)(2n+3) (4n"+8n+5) L4(sin 5)

nd the Fourier coefficients can be calculated by squaring the series (2.5),

ince we have




cos nB cos md = 3(cos(

>le representation of the produ
11 case is not known. However,

) and (a+1,0) the coefficients

Ry H 0 R ) =

railable (see Askey [1], p.11).

n-m)6).

s 6) R;a’s)(cos )
)rtant special case

the representation
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